A Fourier Transform method is applied to determine the displacements of a cantilever beam subjected to a multi-frequency excitations at the base. To dampen the displacements of the beam, a point mass is attached to the beam. The position of the mass on the beam is determined such that the overall deflections of the beam are minimal. It is shown that these attachments to the beam are effective in reducing the vibrations of the beam but their position is frequency dependent. It is shown that the low frequency component of the external excitation is most important in finding the optimal position of the mass.
Introduction
The control of beam vibrations by attaching mass points to the beam has been studied by many authors [1, 2] . The suppression of these vibrations with mass or spring attachments has been shown to be efficient in many systems with single harmonic excitations [3, 4] . In a previous work [5] , we have treated the control of plate vibrations with the input excitations harmonic but with a single frequency. Here we extend our previous work to excitations with more than one frequency component. Applications of this work can be relevant to various systems such as micro-satellites with internal reaction wheels that control the satellite attitude as in Fig. 1 .
In the current study the equations of motion of the flexible antenna (beam) are developed. In the theory section of this work, we present the equations used to study the effect of attaching a mass to a cantilever beam subjected to a single and multi-frequency base excitations. The equation is linear with time varying boundary conditions and hence can be solved analytically. Single and multi frequency excitations are considered and the analytical results are obtained for both cases. Using a single mass, the vibrations of the flexible antenna can be reduced to acceptable levels depending on the frequency of the disturbance caused by the onboard reaction wheels. The numerical solutions are then presented. The position of the mass is determined such that the area under the beam is minimum and the effectiveness of the mass attachment is studied as a function of the frequencies of the external excitations. In the conclusion, we summarize our work. 
Theory
In this section, we write the equations needed to discuss the dynamics of the cantilever beam. We first start by studying the effect of a point mass on the vibrations of a beam subjected to single frequency and multi-frequency excitations. The system we study is shown in fig.2 . Studies of systems of this kind with various static boundary conditions have been reported in the literature [1] . However few papers have addressed beams with time dependent boundary conditions or subjected to time-dependent forces [6] . In each of the latter two works, the forces or the boundary conditions had a specific time dependence. In our case we take a different time dependence for the external excitations which is harmonic with multiple frequencies. Various methods have been employed to solve for the eigenmodes of the beam deflections such as Fourier transforms, Laplace Transforms, or Green's functions [1] . Here we apply the Fourier transform method to the time-dependent problem. The displacements of a beam with a point mass attached to it is given by
where , is the deflection of the beam at position x as a function of time t. The physical parameters of the beam EI, , A are the flexural rigidity, the density, and the cross section, respectively. The mass m is that of a concentrated load placed at location x = a 0 along the beam, Fig.2 . The left end of the beam is excited by a harmonic force. Both cases with a single frequency or two frequencies are treated in a similar way. The problem we would like to address in this section is to determine the mass m and its location that best suppress the vibrations of the beam due to the harmonic forces applied at the base of the beam. The external vibrations influence the initial conditions on the deflection w. In this paper we take = 0, = sin Ω + !"Ω ,
as the initial condition on the beam due to the external excitations. The other boundary conditions at both ends of the beam are # = 0, = 0, ## = %, = ### = %, = 0,
where x = 0 is at the base of the beam and x = L is the free end of the beam. The frequencies Ω 1 and Ω 2 of the base excitations are taken to be close to the natural frequencies of the system. The natural frequencies are found by solving for the eigenvalues of a bare beam, i.e., Eq. 1 with m = 0 and with homogeneous boundary conditions at both ends of the beam [1] . The frequencies are given by & ' = ( ' ) *+ ,-with 1 + /0 ( ' /0 ℎ( ' = 0. To reduce the problem to homogeneous initial and boundary conditions, we use the shifted displacement function 3 , = , − = 0,
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as the new displacement function. The equation we need to solve is now that of a beam with a fixed base but subjected to a sinusoidal force. To solve this equation a Fourier transform method is used. We first rewrite u in frequency space The functional coefficients are determined by imposing the boundary conditions and the continuity of the displacement and the first and second derivatives at = .
Numerical Results
In this section we present the solutions of Eq. (7) and discuss them for single frequency and double frequency external vibrations. To demonstrate our results we have chosen an external force with two harmonic components each with frequency close to the second and third fundamental frequency, correspondingly. We first solve our equations for each component separately then afterwards we combine the two harmonic components into a single force acting on the beam at the base. To suppress the vibrations of the cantilever beam due to the excitations at the base a point mass is attached to the beam. It is already well known that attaching one or more mass points to beams can act as absorbers to minimize excess vibration [4] . In this work we are mainly interested in the case where the external vibrations are multi-frequency and time dependent at the base of the beam which is equivalent to a system with time-dependent boundary conditions [6] . The time dependence in this case will require that we use a new criteria for maximum suppression different than in the case with static boundary conditions. The condition we chose to impose on the beam to determine the position of the mass on the beam is such that the area under the beam with respect to the zero deflection state is minimum:
The calculations of the areas are carried out numerically. In figures 1 and 2 we summarize our results. We show how the absolute area under the displacement curve varies as a function of the mass position along the beam for base excitations with frequencies close to the second and third fundamental frequency. Comparing these results to those of excitations with a single frequency excitations (not shown), we conclude that the position of the mass is mostly determined by the low frequency component of the multifrequency excitations.
Conclusion
In this work we have studied the effect of adding a mass to a beam subjected to external multifrequency excitations at the base. It was shown that the low frequency component of the excitations mostly determines the optimal location of the mass on the beam and hence mass attachments will be able also to control the vibrations of the beam in a multi-frequency case as in a single frequency system. 
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